In this paper, we prove Abelian and Tauberian theorems on the asymptotic behavior of solutions of the one-dimensional heat equation. We also prove the power-like behavior of the temperature u, and we show the same for the initial data of the Cauchy problem.
Introduction
In this paper, we study the asymptotic behavior of nonnegative solutions, called hereafter temperatures, of the one-dimensional heat equation ∂u(x, t) ∂t = κ ∂ 2 u(x, t) ∂x 2 (1.1) in the strip S T = (x, t) −∞ < x < ∞, 0 < t < T , where the constants κ > 0 and 0 < T ≤ ∞. Over the last two centuries, this topic has attracted the constant interest of researchers. We refer the reader to the impressive bibliography in [3] . However, there are still interesting open questions even in the linear one-dimensional case, see e.g. the recent paper by Zakharov [12] considers an asymptotic expansion of the solution of the Cauchy problem when the initial function at infinity has power asymptotics. We study the asymptotic behavior in spatial variable with respect to r ρ(r) , where ρ(r) is a proximate order.
The classical Valiron-Titchmarsh theorem (see, e.g., [8] or [5] and the references therein), states:
Let f (z) be an entire function of order ρ < 1 with only negative zeros, and let log f (r) ≈ π sin πρ r ρ as r → ∞. Then the counting function of the zeros of f satisfies n(r) = r ρ , as r → ∞. This theorem is of Tauberian nature. The converse, Abelian statement is clearly true. In [6] , we proved that the power-like behavior of the initial data of the Cauchy problem implies the similar asymptotic behavior of the temperature u. Moreover, we proved that under a Tauberian condition of positivity these results can be reversed. In this paper, we consider two-term analogs of the Valiron-Titchmash theorem for the temperatures.
It is known [10, p. 49, Theor. 2.7] that if a nonnegative temperature u in S T vanishes at an interior point, then u vanishes identically in S T . The class of all the solutions of (1.1) in S T is denoted by H(S T ). Therefore, we consider strictly positive temperatures and denote the class of these functions in S
T by H + (S T ). To state our results, we recall [10] that if u ∈ H + (S T ) and u is continuous up to the boundary, then there exist a nonnegative initial data f (y), y ∈ R, of the function u, such that u has the Gauss-Weierstrass representation
is the Gauss-Weierstrass kernel. Since we are interested in the asymptotic behavior of temperatures as |x| → ∞, we assume without an essential loss of generality that the temperatures considered are continuous up to the boundary of the strip S T . It is also known [10] that under this assumption, the function f represents the initial data for the Cauchy problem for equation (1.1) in the strip, f (y) = u(y, 0). The existence of the Gauss-Weierstrass representation (1.2) implies that the function f cannot grow arbitrarily fast, namely [11, p. 68] ,
for any point (x 0 , t 0 ) where the integral (1.2) is convergent. We prove in this paper a Tauberian theorem, which together with the corresponding Abelian proposition describes the exact relationship between the asymptotic behavior of a temperature u ∈ H + (S T ) and that of the initial data of the corresponding Cauchy problem for equation (1.1) .
The rest of the paper is organized as follows. In the next section, we introduce our main theorems and some definitions. In section three, we prove our main results.
Main Results
We recall some basic definitions of regular variation and proximate order as in [9] . Definition 2.1. A continuously differentiable real-valued function α(y), defined on a ray [a, ∞), a ≥ 0, is said to be a proximate order if it satisfies the following properties, lim 
Our first statement is a standard Abelian theorem for solutions of (1.1); of course, in this statement a solution does not have to be positive. Theorem 2.1. Let α(y) be a proximate order, α(y) → α > −1 as y → ∞. Let u(x, t) have representation (1.2) with the function f supported on the ray (0, ∞). Suppose f (y) = ay α(y) + f 1 (y) (2.1) for y > 0, where the function f 1 (y) satisfies
2) a and α are real constants. Then the temperature u(x, t) has the following asymptotic behavior.
3) where
as x → +∞ uniformly in t in any strip 0 ≤ t ≤ T < ∞, and moreover, when
, where
a.
From this theorem we immediately derive
Corollary 2.1. Let a solution u(x, t) of (1.1) have a representation
where
for y > 0, α > −1, and
for y < 0, β > −1, and the remainders f 1,2 (r) satisfy
and
as r → +∞. Then, as x → +∞, the temperature u has the asymptotic representation
,
where as y → +∞, and
, t ≥ 0.
Now we state the main result of this paper.
Assume that
Moreover, suppose that f has at most power growth, 1 that is, for all y > 0,
and f does not oscillate too strongly, namely, for each positive constant A > 0 there exists the limit
uniformly in any strip 0 ≤ t ≤ T < ∞. If either f has slow oscillation or else if this estimation is uniform, then conclusion of the theorem follows.
This theorem immediately implies the following Tauberian converse of Theorem 2.1; here the positivity of temperatures and some regularity of the boundary measure constitute the Tauberian conditions of the theorem. 
as x → +∞ for any t > 0 , then
as y → +∞.
Remark 2.1. By making use of the known Widder inversion theorem, see, e.g., [10, Chap. 7] , we can replace the "slow-oscillation" condition (2.4) with a direct assumption
if we assume the uniformity of the last o−estimate in t. 
for each t > 0 as x → +∞ if and only if
Let us consider a temperature
with f (y) = y α(y) when y > 0 and f (y) = |y| β(|y|) when y < 0. From the integral representation of the Γ function and Stirling's formula we immediately derive that u(0, t) = At
+ o t α(y)/2 as t → +∞. Therefore, if we know the asymptotic behavior of a temperature on one half-line in the x − t half-plane, we cannot in general recover the asymptotic behavior of the boundary measure over the whole number line. Because of that, in our last result the asymptotic behavior of a temperature is prescribed on the whole x−axis.
where α > 0 and x −α(x) u 1 (x, t) → 0 for any t > 0 in the strip S T and
where β > −1 and |x|
In the next two theorems, we extend Theorem 2.1 and Theorem 2.2 for functions having polynomial-like asymptotic expansion,
. We derive a polynomiallike asymptotic formula for the solution of (1.1). Futhermore, we made our results more precise with a two-term asymptotic expansion and a more specific remainder.
Theorem 2.5. Let a temperature u ∈ H + (S T ) and its boundary function f be continuous on R and satisfy the conditions of Theorem 2.1. Moreover,
where g(y) =ō y α 2 ), α 1 > α 2 > 0, y > 0. Then the temperature u satisfies
Theorem 2.6. Let a solution of the Gauss-Weierstrass representation
of (1.1) have a two-term asymptotic representation formula
with a remainder function,
Proofs
Proof of Theorem 2.1. For a fixed x > 0, we write integral (1.2) as
where the addends on the right represent the integrals,
and estimate each of these integrals as in Theorem 2.1, making use of (2.3) while estimating the middle integral. In the first term in (3.1), y < x/2, while combining (1.2) and (1.3) we have,
we estimate by (2.1) where f 1 (y) = o(y α(y) ) and x/2 ≤ x − y ≤ x, for 0 ≤ y ≤ x/2, then x − y ≤ x, therefore,
Let's take up the integral u 00 ,
Since y < x/2 and t = t(x) = o(x 2 ), we have,
In the last term in (3.1) we have y > 2x, then the integral
To estimate the integral u ∞ above, let 2x < y < ∞, thus x < y/2 and y − x > y − y/2 = y/2, now by re-arranging y inside of the integral so that y α(y) = y α(y)−1 y from which we get the following inequality:
Since f (y) = ay α(y) + f 1 (y), as x → +∞ and t = t(x) is any function of x, such that t → ∞ together with x, we derive
Finally, by making use of (1.3), the principal term of (3.1) is
Now we estimate u 10 ,
where α(y) → α, y → ∞, is a proximate order,
dy.
Since y α(y)−α is a slowly increasing function, see , uniformly in [1/2, 2], and
It follows that L(y) is real-valued, positive and measurable on [a, ∞), we have L(y) = y α(y)−α and,
Integrating by parts (3.3),
For the first part in (3.3), we consider λ → ∞,
Now, for the remaining part of the integral in (3.3), To prove part 2 o of the theorem, when x → −∞, we straightforwardly apply Laplace's method, see [4] or [2, Sect. 5.7] .
Proof of Theorem 2.2. The proof follows the lines of the proof of Theorem 1.1. We split the function u as
and estimate each of these integrals as in Theorem 2.1, using condition (2.4) while estimating the middle integral.
4κt dy.
Let z = 2 √ tv, and
. By changing the integrating variable we have,
To bound the above integral, let
Substituting the above into (3.5)
We now integrate (3.7) by parts:
For the bound term, B 3 1
For the integral term in (3.7),
we have,
with uniformity in 0 ≤ t < ∞.
Now we estimate the integral over x − Ax δ < y < x + Ax
We rewrite the integral above using property (2.4)
then the temperature,
Proof of theorem 2.5. We write integral (1.2) as
We find the principal term of the asymptotic formula by estimating u 1 , , y = √ 2κts, dy = √ 2κtds. By substitution in the latter integral, we get
, α 1 = −ν − 1. Combining with equation (1.3) we get the representation,
Now we estimate the remainder u 3 in formula (3.3),
where g(y) =ō y α 2 , y → ∞. Using the known asymptotic formulas 2 [2, p. 307] for a fixed value of ν and π/4 < | arg z| < 5/4π, as z → ∞, we have
In the first part of the asymptotic formula above, e
8κt Γ(α 1 + 1)
The corresponding formulas in [1, Sect. 8.4 ] contain misprints -missing brackets.
Then, the temperature
Now we prove a Tauberian converse of Theorem 2.5. For a function u on R, we consider finding a continuous function f (x), x ∈ R.
Proof of theorem 2.6. We write (1.2) as u(x, t) = a √ 4πκt Using equation (3.4), then
Furthermore, since u 1 is continuous up to the boundary, the nonnegative initial data f 1 (y), y ∈ R, of the function u, then u 1 can be written as a GaussWeierstrass integral [10, p.8], 
